Introduction
In this paper we study some properties of the Laplace-Steltjeds trasform of vector valued functions. Particularly we prove some isometric theorems (Theorem (62) and Theorem (80)) Moreover we applay these result in order to prove a existence theorem for integrate semigroups on Fréchet spaces (Theorem (86) and Theorem (96)).
Preliminars
In this section we will present some results developed in (Granucci 2006 ) and (Granucci 2019) which are essential for the following paragraphs, for more details we refer to (Granucci 2006) and (Granucci 2019) .
Definition 1. A real-valued function p (x) defined on a complex linear space S is called a semi-norm, if
p (x + y) ≤ p (x) + p (y) ∀x, y ∈ S (1) and p (λx) = |λ| p (x) ∀λ ∈ C, ∀x ∈ S .
Definition 2. A complex linear topological spaces S is called a locally convex, linear topological space, or, in short, a localy convex space, if any if its open sets contains a convex, balanced and absorbing open set.

Definition 3. A complex linear space F is called a Quasi-normed linear space if, for every x ∈ F, there is associated a real number |x| F , the quasi-norm of the vector x, which satisfies
|x| F ≥ 0 and |x| F = 0 ⇔ x = 0;
|x + y| F ≤ |x| F + |y| F ∀x, y ∈ F; (4)
|α n x| F = 0 ∀x ∈ F;
lim |x| F →0 |αx| F = 0 ∀α ∈ C.
The topology of a quasi-normed linear space F is thus defined by the distance
We say that the sequence {x n } n ⊂ F converges strongly to x ∈ F, x n → x for n → +∞ in F, or
if lim
Remark 8. Let P = {p i } i∈A be a family of separate and numerabile (or finite) seminorms. We define
the Fréchet's quasi-norm. Moreover |λx| F is an increasing function and
besides we get
The Fréchet-Riemann-Stieltjes Integral
Definition 9. Let F, g be two functions defined on an interval [a, b], one with values in the Fréchet space F and one with values in C.
If Π denotes a finite partition a = t 0 < t 1 < ... < t n = b of [a, b] 
{(t i − t i−1 )} the norm of Π, and by
the Fréchet-valued Riemann-Stieltjes sum associated with g, F and Π. We say that g is Fréchet Riemann Stieltjes integrable with rispect to F if
exists; here Π runs through all partitions of [a, b] 
with intermediate points, and the limit must be independent of the choice of intermediate points. If g is Fréchet Riemann Stieltjes integrable with rispect to F we define
Now we propose some properties of the functions with vectorial values in a space of Banach X that they are Riemann Stieltjes summable in comparison with a second function. 
Proposition 13. Let F : [a, b] → X be of bounded semivariation and g, h ∈ C ([a, b] , C); then
is of bounded semivariation on [a, b] and
Propositions (10), (11), (12) and (13) 
is of bounded variation on [a, b] and 
Proposition 22. Let f ∈ S BV ([0, +∞) , X) and
Then F is locally Lipschitz continuous and
whenever ℜ {λ} > ω ( f ).
For λ ∈ C, dG (λ) exists if and only if dF (λ + µ) exists, and then dG (λ) = dF (λ + µ).
Theorem 27. Let F ∈ S BV ([0, +∞) , X) and assume that abs (dF) < ∞; then λ → dF (λ) is holomorphic for ℜ {λ} > abs (dF), and
for ℜ {λ} > abs (dF), n ∈ N\ {0}, as an improper Fréchet Riemann Stieltjes integral.
Refer to (Granucci 2006) for the Fréchet space case.
The
Let F a Fréchet space and f : [0, +∞) → F, we define
Proposition 28.
[·] 0,1,F is a quasi-norm.
Proposition 29.
is a quasi-normed metric space.
and
Proposition 30.
[·] 0,1,k are semi-norms.
Proposition 31. The function defined by
is a qusi-norm.
Proposition 32.
) is a quasi-normed metric space.
Let F a Fréchet space, X a Banach space and f : X → F a linear continuous operator; then for all k ∈ N there exists
Definition 33. Let F a Fréchet space, X a Banach space and f ∈ L(X, F) we define
Proposition 34. ∥·∥ L(X,F),k are semi-norms and |·| L(X,F) is a quasi-norm.
Proposition 35. 
is a quasi-normed, complete metric space Theorem 39. There exists a unique isomorphism
for all t ≥ 0 and F ∈ Lip 0 ([0, +∞) , F). Moreover,
Proof. See (Granucci 2006) .
) is a quasi-normed, complete metric space.
Proof. See (Granucci 2006 ).
Theorem 41. There exists a unique isometric isomorphism
for all t ≥ 0 and F ∈ FsLip 0 ([0, +∞) , F). Moreover,
for all continuous functions g ∈ L 1 ([0, +∞) , C).
) is a quasi-normed, complete metric space and Lip
In this section we introduce some new vector spaces to study the properties of the Laplace-Steltjeds transform of value functions in Fréchet spaces.
for every choice of a finite number of non-overlapping intrvals (s i , t i ) in [a, b] and for all k ∈ N.
Remark 47. Let π be a partition of [a, b] with partitioning points a 
Let π j , for j = 1, 2, be two partitions of [a, b] , with π j < δ 2 ; let a = t 0 < t 1 < · · · < t n = b be the partitioning points of π 1 and π 2 together and
where s i, j , t i and t i−1 are in the same subinterval of π j , moreover s i − s j < δ; then for x * ∈ F * if
and by Theorem (2) of [Granucci 2006 ]
From Theorem (11) of [Granucci 2006] there exists x * s ∈ F * such that
Stieltjes integrable with respect to F.
Proof. The result follows from Proprosition (48) and Remark (47).
Proof. Since by Proposition (48)
for all x * ∈ F * . By Proposition (1.9.9) of [Arendt et al. 2001] we have
is of bounded variation on [a, b] and
Proof. By Proposition (48) G is a vector F-valued fuction defined on [a, b] and
for all x * ∈ F * ; therefore, since
for all x * ∈ F * . By proposition (1.9.10) of [Arendt et al. 2001] we have 
we get
For ε > 0 there exists δ > 0 such that g
whenever s i, j − s < δ and for any partition π with |π| < δ we have Proposition (48) and Remark (47) 
The exponential growth bound of
whenever ℜ {λ} > ϖ ( f ). Vol. 11, No. 3; 2019 Proof. (47) and Proposition (50) we have
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Let's take f ∈ FsBS V loc ([0, +∞) , F) then ∥ f (s)∥ k ≤ M k for all s ∈ [a, b] ⊂ [0, +∞) and ∥F(t) − F(s)∥ k = t ∫ s f (s) ds k ≤ (t − s) M k i.e. F ∈ FsLip loc ([0, +∞) , F). By Remark (45), RemarkF ∈ FsBS V loc ([0, +∞) , F) and ϖ (F) ≤ ϖ ( f ). By Proposition (51) τ ∫ 0 e −λs d f (s) = e −λτ f (τ) − f (0) + λ τ ∫ 0 e −λs dF (s) ; letting τ → +∞, since e −λτ f (τ) → 0, we get d f (λ) = − f (0) + λ dF (λ) whenever ℜ {λ} > ϖ ( f ). Since dF (λ) = λ F (λ) then it follows d f (λ) = − f (0) + λ 2 F (λ) . Proposition 56. Let F ∈ FsBS V ([a, b] , F) and define G (t) = t ∫ 0 e −µs dF(s) for µ ∈ C. For λ ∈ C, dG (λ
) exists if and only if dF (λ + µ) exists, and then dG
Proof. By Proposition (51) we get
then by Proposition (51)
and by Proposition (50)
Proof. For λ 0 > abs (dF) define
If abs (dF) ≥ 0 and λ 0 > abs (dF) by Proposition (51)
If abs (dF) < λ 0 < 0 for r ≥ t ≥ 0 we have
exists and sup
, F) and assume that abs (dF) < ∞; then λ → dF (λ) is holomorphic for ℜ {λ} > abs (dF), and
Proof. Define q h : C → F for every h ∈ N by
and q h, j : C → F for every h, j ∈ N by
We see that for every k ∈ N and j > i
The limit exists uniformly for λ in a bounded subset of C. By the Weiesrtass convergence theorem, the functions q h are entire and q
for every k ∈ N and τ → +∞; then
if ℜ {λ} > ℜ {λ 0 } and we have
It follows that q h converges to dF uniformly on compact subset of { λ : ℜ {λ} > abs (F) } . By the Weiestrass convergence theorem, dF is holomorphic and q
FsC
∞ W ((0, +∞) , F)-space and a Isometric Theorem In this paragraph we state and prove our first isomorphism theorem (Theorem (62)) Let r (λ) = dF (λ) = +∞ ∫ 0 e −λt dF (t) for λ > 0 and where
; then by Theorem (9) of [Granucci 2019 ] for all n ∈ N and λ > 0
We define
and FsC
Proposition 61.
) is a metric space.
Theorem 62. The transform L S is an isometric isomorphism between
FsLip 0 ([0, +∞) , F) and FsC ∞ W ((0, +∞) , F).
Proof. (Step 1).
We have shown that L S :
Thus the map L S is one-to-one.
(Step2).
and n ∈ N. We have
for all f ∈ L 1 [0, +∞).
(Step 3).
We assume that T n ( e −λt ) → r (λ) for n → +∞ for all λ > 0.
Since the exponential functions are total in L
In particular
) .
Theorem (9) of (Granucci 2019) yields the existence of some F ∈ FsLip 0 ([0, +∞) , F) with
for all continuous functions g ∈ L 1 [0, +∞). Thus, for all λ > 0,
and L S is onto; moreover
for all F ∈ FsLip 0 ([0, +∞) , F).
(Step 4).
We prove that T n
We have
By definition fo G we have
We consider ∂ ∂s
and ∂ ∂x
By (51), (52), (53), (54) and (55) we have ∂ ∂s
By induction on j, it follows that ∂ j ∂s j
for 1 ≤ j ≤ n; moreover we have
Hence,
Since
Therefore, letting x = λn,
by (5.10) we have ∂ n ∂s n
From Theorem (30) of (Granucci 2006) , olso refer to Theorem (7) of (Granucci 2019), we have
for all λ > 0.
Proof. Since ϖ (F) ≤ 0 and F (0) = 0, it follows that
for all λ > 0; then from Theorem (30) of [Granucci 2006 ], olso refer to Theorem (7) of [Granucci 2019 ], we have the statement.
FsLip 0,w ([0, +∞) , F)-space
In this paragraph we state and prove our second result [Theorem (80)]. Let G : [0, +∞) → F and G(0) = 0 define
and Proposition 65.
Remark 66. It is easy to see that
Lemma 68.
Proposition 69.
Proposition 72.
Remark 73. Let G ∈ FsLip 0,w ([0, +∞) , F) and I w defined by
Proof. Let G ∈ FsLip 0,w ([0, +∞) , F); then by (68) we have
Remark 75. Let G ∈ FsLip w ([0, +∞) , F) and I w defined by
Remark 76. I w is an isometric isomorphism of
exists for λ > w and we have (
Let
Proposition 78.
Theorem 80. Let w ∈ R. The Fréchet-Laplace-Stieltjes trasform is an isometric isomorphism of FsLip
, the following are equivalent:
2. There exists G : [0, +∞) → F such that
ws ds ∀k ∈ N and t, h > 0;
Proof. By Remark (66) and Theorem (62).
The Main Theorem: A Generation Theorem for Integrated Semigroups on Fréchet Space
In this section we enunciate and prove the main Theorem (86).
Definition 81. Let A be an operator on a Fréchet space F and n ∈ N. We call A a generator of a n-times integrated semigroup if there exist w ≥ 0 and a strongly continuous function S :
In this case, S is called the n-times integrated semigroup generated by A.
Lemma 82. Let n ∈ N and S be a n-times integrated semigroup on F with generator A. Then the following hold:
3. Let x ∈ D (A) and t ≥ 0; then
Moreover,
4. Let x ∈ F and t ≥ 0; then
moreover, S (0) = 0.
n! x for all t ≥ 0; then x ∈ D (A) and Ax = y.
is bounded for each x ∈ F and for same w ≥ 0. Let n ∈ N; for λ > w let
then the following statements are equivalent:
1. There exists an operator A such that(w, +∞) ⊂ ρ (A) and R (λ) = (λ − A) −1 for λ > w.
For s, t ≥ 0
and S (s)x = 0 for all s ≥ 0 implies x = 0.
Remark 84.
Proposition 85. Let A be a linear operator on F and U be a connected open subset of C. Suppose that U ∩ ρ (A) is nonempty and that there is a holomorphic function F
Theorem 86. Let A be a linear operator on F. Let M k ≥ 0 for all k ∈ N, w ∈ R and m ∈ N. Then the following assertions are equivalent:
is bouded in F for all n ∈ N, λ > w and x ∈ F.
(b) A generates a (m + 1)-times integrated semigroup S m+1 on F satisfying
for all k ∈ N.
Proof. (Step 1). We prove that (a) =⇒ (b). If we put
it follows by Theorem (80) that there exists G such that
and G (0) = 0; moreover we have
and by Definition (81) A generates a (m + 1)-times integrated semigroup S m+1 on F. Moreover from Theorem (80)
Step 2). We prove that (b) =⇒ (a). By Definition (81) there exists ϖ ′ ≥ ϖ such that
for all λ > ϖ ′ . By Proposition (14) of [Granucci 2006 ], (ϖ, +∞) ⊂ ρ (A) and since
then by Theorem (80) we have (a). (86) is equivalent to (w, +∞) ⊂ ρ (A) and exist M k ≥ 0 such that
Remark 87. Condition (a ) of Theore
for all k ∈ N and x ∈ F.
6. Applications: An Example of Integrated Semigroup on a Fréchet Space, the Schrödinger's Operator on MY p 
where
Corollary 90.
holds uniformly with respect to x in any compact set of R N .
lim
α→0
Proof. We now prove the lemma for N = 2. We may assume f = 0. If p > 1 by Hölder inequality we have
fix ε > 0 then there exists α 0 (ε) > 0 such that ∫
for all 0 < α < α 0 (ε), where δ = 0 and δ = 1.
for all |α| < α 0 (ε), s 2 and ε 2 .
Let's take
, then by Hölder inequality we have
then by Fubini's theorem we have
and lim
Therefore for each α there exists a sequence
then by (91) and (94) we have ∫
for all |α| < α 0 (ε) and s 2 .
Let's take δ 1 = 1, then e
for all s 1 , t 1 , x 2 and |α| < α 0 (ε).
If we put δ 1 = 0 in (93) we have ∫ 
for all x 2 and |α| < α 0 (ε). Hence we see that for each fixed x 2 and |α| < α 0 (ε) there exists a sequence ε k 1 (α, x 2 ) such that
By (97) and (99) we have e −(x 2 1 +x 2 2 ) f α (x 1 , x 2 ) < ε
for all x 1 , x 2 ∈ R and |α| < α 0 (ε). Thus f α (x 1 , x 2 ) → 0 uniformly with respect to (x 1 , x 2 ) in any compact set.
2 ) → 0 uniformly with respect to (x 1 , x 2 ) in any compact set.
Using the same method we can also prove the lemma for N ≥ 3.
f L
Proof. It follows as in Lemma (91) Corollary 93. 
we obtain that 
